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∑
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dmcv

dt︸ ︷︷ ︸
(1)

=
∑
äæåMåMçæèJé ṁi

︸ ︷︷ ︸
(2)

−
∑
ê6ë çæèJé ṁe

︸ ︷︷ ︸
(3)

Ù C-Ü

Ù9ì ÜYã>36L\ÖK7�SJ58G>ÖK,6LNGK; Ù *-OK_+5-a^Z\*-;�,6LNGK;`ÜU*y( Ôß*-74765XL _-Q-G`36,6Q�ZNZN(-Q�Z\OKÔ%5=3
Ù @-ÜYãKÔ�*-767458793M,M*+OKÔ L\GKG¸LHGJI]a^76OKÔ%Ô%58,43&Qy(-58,[*-Z\ZN5�L\GKG>Z\Ø�<
Ùsí ÜYãKÔ�*-767458793M,M*+OKÔ O>3�*?(tGJIáa^74OKÔ%Ô�5=,43&Qy(�5=,W*-ZNZ\5�Ow3MZ\Ø-<

î



y z#Á�¾u¿�ÂõÀCNºÆÈÇ=ÆõÁ¸¹ ¾

dEcv

dt︸ ︷︷ ︸
(1)

=
∑
äæåMåMçæèJé ṁi(hi + 1

2
~V 2
i + gzi)

︸ ︷︷ ︸
(2)

−
∑
ê6ë çæèJé ṁe(he + 1

2
~V 2
e + gze)

︸ ︷︷ ︸
(3)

+ Q̇cv︸︷︷︸
(4)

− Ẇcv︸︷︷︸
(5)

Ù|{ Ü

Ù9ì ÜYã>36L\ÖK7�SJ58G>ÖK,6LNGK; Ù *-OK_+5-a^Z\*-;�,6LNGK;`ÜU*y( 58GK5=,6;�L L_GJI]a+E9P�/KZ\LN_�G>L\GK; Ù|} Ü
Ù @-ÜYã^58G>58,6;-L\,M*o3M5ÈÔ�5=ÖÅÔ�*-767458793M,M*+OKÔ L\GKGºL_GJI~s�58Gh3F*+Z\<KLsaK_`L\GK5Y3ML\74_�Q�;%<0Q-3658GK74L\5=Z\Z 58G>58,6;-L¼36L\Z Ô�*-7676*
76Q-Ô _`,4Ó�7676*-, 79Ó�743M5=Ô�;-,658G>7M*>a�76O>Ô�Ô%58,93&Q�(-58,[*-Z\ZN5WLNGKGKZ\Ø-<
Ùsí ÜYãK5=GK58,4;�L\,6*+3M5�Ô%58ÖºÔß*+76765=7436,M*-OKÔ O>3[*y(EGJI
Ùªî ÜYã>(+*-,4Ô�5=,M*+365�3ML\Z¥PRØ�,43xGJIáa+E9P�/KZNL\_`GKLNGK; Ù IhÜ
Ù C-ÜYã^*-,4Ý05=L\ÖK74,M*+365X*?(w;?E45=(-5ÈPR,6:�GJIáa+E9P�/KZNL\_`GKL\G>; Ù|� Ü
12GK58,4;�L\5=G LNGKGK5�Lu_+Q�Gh3M,4Q�Z\Z¥(�Q�ZNOKÔ�5Y3á_o*-Gà76_`,6L¥(+*-743 O>3%74Q�Ô L\G>ÖK,65�5=GK58,4;�L�a _`LNGK5=36L\76_�Q�;�<0Q+3M58G>76L\5=Z\Z
58G>58,6;-LH3ML\Z Ôß*-74765=GÅLNGKGK5�L GJIáã

Ecv = Ucv + Ekin,cv + Epot,cv = mcv(u+ ekin + epot)cv

Ù�} Ü
� ,4Ý05=L\ÖK5Y3 5=,�76O>Ô�Ô%58GÒ*?(]*-,6Ý�58LNÖ]<^:[58L\Gá*-_`76Z\LNGK;Ka�743M*-;Kao5-/ Z\LN_�G a

Ẇc

aoQ�;�*-,4Ý05=L\Ö]Ô%Q-3�Q�Ô%;yE45Y(wGK*-ÖK58G>5
Ù PRQ-,&:�VJÖ>Ó`36365ÈÝ�Q�,93-YX*o3MÔ%Q�74P]gu,458G¸Ô�5=Ö�3M,4Ó�_`_

p◦
Ü

Ẇcv = Ẇc + p◦
dVcv

dt

Ù|� Ü
c�L\Z¥PRØ�,43 (-*+,6Ô%5258,¼76OKÔ%Ô%58GÈ*?(È*-Z\ZN5�(+*-,6Ô%58793M,M*+OKÔß*+,HL\GKG�36L\Z�_+Q�Gh3M,6Q-Z\ZN(-Q�Z\O>Ô�5Y3?/?V[58,674Q�ÔóÖK5=L`(+*-,4L\5=,658,
Qy(�5=,[5=L Q�(-58,9Û�*+3M5XÔ�:ÒÖK58L LNG`3658;�,458,6*-743�Qy(�5=,�Ö>58GKGK5X(+*-,6L\*-7RE4Q-GK58GH/

Q̇cv =
∑

j

Q̇j =
∑

j

∫

Tj

δQ̇j

Ù I�Ü

'JGh3M5=;�,M*-7£E4Q�GK5=G 3M,65=GK;ß(�L 7RE458ZNÖ^*-G�3658GK_8E45á<K:�PRQ�,�58GK5=,6;�LNÝ^*-Z�*+GK765=G 76LNG�ÖK5=Z�a�Ô�5=G�Ú^*-G�58,�Ô%58ÖºPRQ�,6ÖKL
(�L¼*?(�Q�;Ò3MLNZHÔß:]3658GK_8E45È76ZNL\_�PRQ-,�58Gh3M,4Q�<KL\ÝK*-Z�*-G>7658G Ù GK58Ö^*+G>PRQ�,FÜ�/

� z#ÁÒË ¿�ÎÈ¶¸À`NºÆXÇ8ÆÈÁ¸¹ ¾

dScv

dt︸︷︷︸
(1)

=
∑
äæåMåMçæèJé ṁisi

︸ ︷︷ ︸
(2)

−
∑
ê4ë çæèJé ṁese

︸ ︷︷ ︸
(3)

+
∑

j

∫

Tj

δQ̇j

Tj
︸ ︷︷ ︸

(4)

+ σ̇cv︸︷︷︸
(5)

Ù9ì BhÜ

Ù9ì ÜYã>36L\ÖK7�SJ58G>ÖK,6LNGK; Ù *-OK_+5-a^Z\*-;�,6LNGK;`ÜU*y( 58Gh3M,4Q�<KL L _-Q-G`36,6Q�ZNZN(-Q�Z\OKÔ%5=3�s
Scv = mcvscvÙ @-ÜYãK5=G`36,6Q�<>L\,M*o3M5�Ô%58ÖºÔß*-74765=743M,6*-OKÔ LNGKG¸L_GJIáa^74OKÔ�Ô%58,93&Qy(�58,�*-ZNZ\5�LNGKGKZNØ�<

Ùsí ÜYãK5=G`36,6Q�<>L\,M*o3M5�Ô%58ÖºÔß*-74765=743M,6*-OKÔ Ow3W*?(tGJI]a^76OKÔ%Ô%58,43&Qy(-58,�*-Z\ZN5�O>36Z\Ø�<
C



Ùªî ÜYãK5=G`36,6Q�<>L\,M*o3M5�Ô%58ÖÅ*-Z\ZN5W(+*-,6Ô%58793M,M*+OKÔß*+,uL\GKG¸LHGJI Ù
j = 1, 2, . . .

Ü
Ù C-ÜYãK5=G`36,6Q�<>L\<K,4QwÖKO>_�7£E4Q�GºL\GKGK5 L_GJI
VW5=,676Q-Ô$3658Ô%<05=,M*+36OK,65=G

Tj
(+*-,6LN58,65=,2Q�;õ(+*-,4Ô�5=Qy(�58,9PRØ�,6LNGK;h*

δQ̇j

(+*-,4L\58,458,�Ô%58Ö 3M58Ô%<�58,M*o3MOK,458GHa`Ô�:
(�LHL\Gh3658;�,458,65=,�ÝK,6Ø-_-58G

δQ̇j/Tj
Qy(�5=,�Ö>58GKGK5X5=GKÖK,6LNGK;h*>/>VW58,476Q�Ô ÖK5=3&5=,uÛ^58LN,65�(+*-,6Ô%58793M,6*-OKÔ�*-, Ù

j =
1, 2, . . .

Ü�a^Ôß:á(�L 76O>Ô�Ô%58,45�ÝKL\ÖK,6*-;h*]PR,6:%*+Z\Z\5+/

� z�?�¹ ¾u¿�ÂÈÀ`NºÆXÇ8ÆÈÁ¸¹ ¾

12_`7658,4;�L\ÝK*-Z�*-G>7658Gß_+*+GßO>36Z\58L\*-743UPR,M:ÈÝ^*-Z\*-GK7M*+GK5�PRQ-,�5=GK58,4;�L�a`58Gh36,6Q�<KL�Q�;áÔ�*-74765-/�VW5Y3u(�L\Z�765=L\5W*+3qÚK*-G
L\_`_8E45�LNGKGK58Ú>58Z\Ö�G>Q�_-QÒGhÓ`3638aKQ�; *+3qÚ^*-G�_o*-G�58,4743M*+36365i�8L\G¸*?(�ÖK58L03M,65�*-GKÖK,45BZ�L <K,6*-_`76LN7q(�L\Z0(�L (-58ZæE45
Ô%58Z\ZNQ�Ô$58Gh3M,4Q�<KL¼Q�; 58_`7458,6;-L�/

dEcv

dt︸︷︷︸
(1)

=
∑
äæå6åMçæèJé ṁiεf,i

︸ ︷︷ ︸
(2)

−
∑
ê6ë çæèJé ṁeεf,e

︸ ︷︷ ︸
(3)

+
∑

j

∫

Tj

(
1− T◦

Tj

)
δQ̇j

︸ ︷︷ ︸
(4)

−
(
Ẇcv − p◦

dVcv

dt

)

︸ ︷︷ ︸
(5)

−T◦σ̇cv︸ ︷︷ ︸
(6)

Ù9ì�ì Ü

Ù9ì ÜYã>36L\ÖK7�SJ58G>ÖK,6LNGK; Ù *-OK_+5-a^Z\*-;�,6LNGK;`ÜU*y( 58_`765=,6;�L¼L_GJIáa+E9P�/>Z\L\_`GKLNGK; Ù�ì @�Ü
Ù @-ÜYãU58_`765=,6;�LN,M*+365�Ô%58Ö
*-ZNZ\5ºÔß*+76765=7436,M*-OKÔ�*-,%76Q�Ô _`,4Ó�7676*-,�74Ó�793M58Ô%;�,458GK76* L\GKG�36L\ZnGJIáa E9P�/�ZNL\_`GwS
L\G>; Ù�ì?î Ü
Ùsí ÜYãK5=_�7458,4;�L\,6*+3M5XÔ%58Öº*-Z\ZN5�Ô�*-7674587436,M*-O>Ôß*-,�74Q�Ô _`,4Ó�747M*-,�74Ó�743658Ô%;�,65=GK7M*%O>3[*?(tGJI
Ùªî ÜYãK5=_�7458,4;�L\,6*+3M5XÔ%58Ö�(+*-,6Ô%58,6*+3M5�36L\ZNPRØ-,43�GJI]a+E9P�/^Z\LN_�G>L\GK; Ù IhÜ
Ù C-ÜYã^*-,4Ý05=L\ÖK74,M*+365X*?(w;?E45=(-5õÔ%58Ö¸793F*-;Ka�*+_�74Z\LNGK;KawPR,6:�GJIáa-E9P�/KZ\LN_`GKL\GK; Ù|� Ü
Ù|{ ÜYãKLN,6,65Y(�5=,676LNÝKL\ZNLN365=3M74,M*+365 Ù 5=_`7658,4;�L\G>58ÖKÝK,9Ó`3ML\G>;`ÜuL\GKGK5 L_GJI
12_`7658,4;�L\5=Gº36L\ZHÔ�*-747M*ÒL\GKG>5ÈL GJI 5=,

Ecv = (U − U◦)cv + p◦(V − V◦)cv − T◦(S − S◦)cv + Ekin,cv + Epot,cv + Ech
cv

Ù9ì @�Ü
58ZNZ\5=,u<^: Ôß*-74765=Ý^*-76LN7

εcv =
Ecv

mcv
= (u− u◦)cv + p◦(v − v◦)cv − T◦(s− s◦)cv + ekin,cv + epot,cv + εch

cv

Ù9ìyí Ü

Q�; ÖK5=GÅ74<05=76L��K_�_+5]5=_�7458,4;�L\5=Gº36L\ZHÔ�*-76745X76Q�Ô _`,9Ów747M*-, 74Ó�793M58Ô%;�,458GK76*�L\G>G¸36L\Z�GJIáã
εf,i = (h− h◦)i − T◦(s− s◦)i + 1

2
~V 2
i + g(z − z◦)i + εch

i

Ù9ì?î Ü
Q�;Ò3MLNZ\79(-*+,M*-GKÖ>5

εf,e
PRQ-,�O>34S)743M,6*-OKÔ�*-,8/

��ÿ0ý?ü�\ q þ���a�þsÿ_^_�2�E��ÿ_�9�2a�þ!r
F 58;-;áÔ�5=,6_+5W3MLNZ *+3qL 5=GK58,4;�L\Ý^*+Z�*-GK7458G 5=,uÖK5Y3�L\GKÖ>,65W5=GK58,4;�L 74Q�Ô·743F:+,
LK5=GKÖK,6LNGK;�74Z\58Ö>ÖK5=38ahÔ�5=Ö^*-G 58Gh3F*+Z\<KLK,458<K,4587458Gh3M5=,658,�58GK5=,6;�LN58G 3MLNZ>Ô�*-76745�74Q�Ô _`,4Ó�747M*-,U74Ó�743658Ô%;�,65=GK7M*w/
VW5Y363M5%(�L\765=,õ7458;�*+363ÈL�58_`765=,6;�LTSJÝ^*+Z�*-GK7458G�Q�;�76:>ã 1�G>ÖK,6LNGK;�76ZN58ÖKÖ>5=3ÈL\GKG>58ÚK5=Z\Ö�LNGKÖK,45%5=GK58,4;�L�a Ô%58ÖK*-G
58_`7458,6;-L\58G¸3MLNZH58LNG¸Ôß*-74765Y3M,M*+OKÔ 58,&O>343M,9Ów_h3&(�5=Ö�5=G`3M*-Z\<>L�/

{



� � Ë¼Ç=¾�ÀYÀ=Á¸Â ÆB@ ¾x?ß¹ ¾u¿�ÂõÀCNºÆÈÇ=ÆõÁ¸¹ ¾&Á

�����yýQ�
�3�:�T�`�0ÿH��ÿ�r�I�L�_+*+Gà7£E6: 7M*-Ô�*-GKÚ>58GK;�5=G Ô�5=Z\Z\Q-Ô 5=_`7658,4;�L\ÝK*-Z�*-G>7658G Q�;�Ö>58Lq36,65 PRØ�,4743M5ßÝ^*-Z¥S
*-GK76*-GK5XÖK5=,676Q-Ô (wL 74_`,6LN(

(
dEcv

dt
+ p◦

dVcv

dt

)
− T◦

dScv

dt
− (u◦ + p◦v◦ − T◦s◦)

dmcv

dt
=
dEcv

dt

Ù9ì C�Ü
o[5=, Ú�O>;�7M*-,á(�L�<^:�*+3 GK:-,

T◦
Q�;

p◦
58,Ò_+Q�GK743M*-Gh3M5+aU5=, Q�;�7M:

u◦
a
v◦

Q�;
s◦

_+Q�GK743M*-Gh3M5+/U'õÖK58G>GK5
Q�Ô%;h*-GK;-58G�7458,](�LUÖK587476O>3M*-G Ý0Q-,43ÈPR,M:�_8E458Ô%L\74_-5�,65?*+_�7£E4Q�G^*-,=/ V�:ÅÔß:º76OKÔ%Ô�5=G <^:Å(-58GK793M,45 76LNÖ^*
*?(ºZ\L\_`GKLNGK; Ù9ì C�Ü�(-58,45]Z\LN_ 58_`7458,6;-L¥SJ5=GKÖK,4L\GK;h*w/
��Ô (�L¼ÝK,6O>_+*+,[5=GK58,4;�L\Ý^*+Z�*-GK7458GÅL Ö>5=3WPRØ-,674365õZN58ÖKÖ>5=3?a
58Gh36,6Q�<KLNÝ^*-Z\*-GK765=G LWÖ>5=3¸*-G>ÖK,65 Q-; Ôß*+76765=Ý^*-Z\*-GK765=G
L[Ö>5=3 36,658Ö�E45-a�Pª:+,�(�LWZNL\_`GKL\G>; Ù9ì-ì ÜY/�VW58,476Q�Ô
ÖK5Y3W5=,[_8E458Ô%L\74_-5È,658*-_`7RE4Q�G^*+,[L¼74Ó�793M58Ô%5=38a05=,[Ow3MZ\5=L\LNGK;h*áL <K,4L\GK74L\<K<�5=3�ÖK5=G 7M*-Ô%5-a^Ý�58,4,65ÈGKQ�_+QßÔ%58L\,
Q�Ô%743658GKÖK5=Z\5=;%Q-;%LNGKGh(�L\_`Z�*>/

}


